We construct a one-dimensional piecewise linear intermittent map from the interevent time distribution for a given renewal process. Then, we characterize intermittency by the asymptotic behavior near the indifferent fixed point in the piecewise linear intermittent map. Thus, we provide a new framework to understand a unified characterization of intermittency, and also present the Lyapunov exponent of renewal processes. This method is applied to the occurrence of earthquakes using the Japan Meteorological Agency (JMA) catalog. We demonstrate that interevent times are not independent and identically distributed random variables by analyzing the return map of interevent times, but that there is a systematic change in conditional probability distribution functions of interevent times.
a given renewal process we construct a one-dimensional dynamical system to characterize intermittency in renewal processes. Then, we develop a concept of intermittency based on dynamical systems. One of our results is a unified characterization of intermittency in renewal processes, where we classify renewal processes into six different regimes according to difficulty to forecast the next event: (i) non-stationary essential singular intermittency,
(ii) non-stationary very strong intermittency, (iii) stationary strong intermittency, (iv) stationary weak intermittency, (v) stationary very weak intermittency, and (vi) stationary non-intermittent chaos.
The paper is organized as follows. In Sec. II, we construct one-dimensional piecewise linear intermittent maps from renewal processes with any distribution, and then intermittency is characterized by the asymptotic behavior near the indifferent fixed point. Using the constructed map, we can calculate the Lyapunov exponent of a renewal process. In Sec.
III, we study the occurrence of earthquakes. To apply our method to the occurrence of earthquakes in Japan, we verify whether the occurrence of earthquakes is a renewal process or not. Then, our method is applied to the occurrence of earthquakes by analyzing the conditional probability distribution functions of interevent times. Conclusions are given at the end of the paper.
II. UNDERLYING DYNAMICAL SYSTEMS IN RENEWAL PROCESSES

A. Construction of one-dimensional maps
To characterize intermittency, we construct one-dimensional maps from discrete time renewal processes. Let f (m) be the probability distribution function of a random variable m (m = 1, 2, · · · ), and F (m) = m k=1 f (k) and F (m) = 1 − F (m), where F (0) = 0 and F (0) = 1. Then, we can obtain the following relationship:
Using this relation, we can construct a one-dimensional map on given by a piecewise linear map
where a sequence a k is given by a k = F (k) and F (−1) = c. Actually, a point in the interval Next, we focus on the constructed map near the fixed point (x = 0). The derivative of the map is given by
Considering the maps near the fixed point, i.e., x ∼ = a n = F (n), a n−1 − a n ∼ = 0, we obtain the asymptotic form,
In particular, the asymptotic behavior for a power law distribution (
This map is the same as the Pomeau-Manneville map [16] , which is a typical example of intermittent maps, and the piecewise linear version is also well studied as an intermittent map [17, 18] . The asymptotic behavior is given by
and
for the Weibull distribution (F (m) ∼ e −(m/τ ) a ) (a = 1). In the case of the log-Weibull
, the asymptotic behavior is given by
We refer to Eqs. (7) and (8) as the Weibull map and the log-Weibull map, respectively. Note that the Weibull map with exponent a < 1 and the log-Weibull map have the indifferent fixed point (T ′ (0) = 1).
B. Characterization of intermittency
In intermittent chaos, an orbit stagnates near indifferent fixed points for an extremely long time (laminar state), and then irregular chaotic motion occurs (see Fig. 2 ). The residence time distribution of the laminar state is determined by the structure of a map near the indifferent fixed points. Here, we characterize intermittency from the asymptotic behavior of the derivative at the indifferent fixed point (x = 0):
where T (x) is the one-dimensional map constructed by a renewal process and A(x) = o(1) and x α = o(A(x)). The degree of intermittency is classified into six types: to be more precise,
we can quantify the intensity of intermittency by the exponent γ. For type (v),
so that the intensity of intermittency is determined by the exponent η. Exponents α, γ and η represent the degree of the difficulty to forecast events in renewal processes because the sensitive dependence of the interevent time on reinjection points is determined by these exponents.
Note that the renewal function does not increase linearly with time; that is, the occurrence of renewals is not stationary, when the mean of the interevent times is not finite [20] . Accordingly, the occurrence of renewals becomes non-stationary in the case of γ ≥ 1.
For γ > 1, intermittency is classified into the non-stationary essential singular intermittent regime.
We can calculate the Lyapunov exponent in renewal processes because we constructed one-dimensional maps from renewal processes. In general, the Lyapunov exponent λ is defined by 
III. APPLICATION TO THE OCCURRENCE OF EARTHQUAKES
We apply this method to the occurrence of earthquakes using the JMA catalog [21] in the area enclosed within 25 To analyze the dependence of the distribution of interevent times on the previous one in detail, we sorted data in order and divided it into ordered data sets. To avoid statistical error, the number of data in each ordered data set is fixed at 10 4 . Analyzing the conditional probability distribution functions of interevent times for each ordered data set, we find that they change systematically. Moreover, we find that the conditional probability distribution functions converge to the Weibull distribution according to increases of previous interevent times, where the Weibull distribution F (t) is defined by
(see Figs. 4 and 5). It is remarkable that all conditional probability distribution functions obey the Weibull distribution in a tail region. Therefore, the intermittency of the occurrence of earthquakes is stationary very weak intermittency because the conditional probability distribution functions of interevent times in the tail region are invariant and described by the Weibull distribution.
Analyzing the distribution for different M c , we find that the conditional probability distribution functions obey the Weibull distribution when the previous interevent time is relatively large. The Weibull exponent a, the intensity of intermittency η, and the Lyapunov exponent λ are summarized in Table I , where the time unit is set to be one second in the calculation of the Lyapunov exponent.
IV. CONCLUSIONS
Intermittency of renewal processes is studied by constructing one-dimensional piecewise linear maps from renewal processes. As a result, characterization of intermittent phenomena is extended to extremely heavy tail and stretched exponential relaxation phenomena, and we can also estimate the Lyapunov exponent of renewal processes, which measures the activity of events. Analyzing the occurrence of earthquakes, we found that the occurrence of earthquakes is not a renewal process, which is in agreement with [24] . However, interevent times are i.i.d.
random variables when the previous interevent time is a relatively large. Moreover, the conditional probability distribution functions are characterized by the Weibull distribution, which means that the occurrence of earthquakes is stationary very weak intermittency. The intensity of intermittency of earthquakes depends on the threshold M c . In particular, the intensity of intermittency increases monotonically with the threshold of magnitude, indicating the view that it is difficult to forecast the occurrence of large earthquakes.
To quantify intermittency in point processes, Bickel proposed a clear estimation of intermittency using the correlation codimension [25] . Although we assume that interevent times are i. assume the integrate-and-fire model [26] , the orbit x n in dynamical systems is considered to be the integrated value of a signal that is behind intermittent phenomena. In the occurrence of earthquakes, the integrated value would be the accumulated energy on the crust. 
